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DEPTH FORMULA VIA COMPLETE INTERSECTION FLAT
DIMENSION
PARVIZ SAHANDI, TIRDAD SHARIF, AND SIAMAK YASSEMI
Abstract. We prove the depth formula, for homologically bounded complexes
X, Y provided that the complete intersection flat dimension of X is finite and
sup(X ⊗L
R
Y ) < ∞. In particular, let M and N are two R-modules and the
complete intersection flat dimension of M is finite. Then M and N satisfies
the depth formula, provided TorR
i
(M,N) = 0 for all i ≥ 1.
1. Introduction
In this paper (R,m, k) is a local Noetherian ring with unique maximal ideal m
and residue field k. Two finitely generated R-modules M and N satisfy the depth
formula if
depth(M ⊗R N) + depthR = depthRM + depthRN.
The Auslander-Buchsbaum formula asserts that if a finitely generated R-module
M has finite projective dimension, then depthRM +pdRM = depthR. In [2] Aus-
lander further generalized this formula for M as before and N a finitely generated
R-module. In fact he showed that for s := fdR(M,N) = sup{n|Tor
R
n (M,N) 6= 0}
if either s = 0 or depthR Tor
R
s (M,N) ≤ 1, then
(∗) s = depthR− depthRM − depthRN + depthR Tor
R
s (M,N).
The case s = 0 is the depth formula. Note that with N = k, the residue field of R,
the equality (∗) is just the Auslander-Buchsbaum formula. Also note that for any
finitely generated R-modules M and N , if fdR(M,N) < ∞, then all the terms in
(∗) are defined and finite.
In [17] Huneke and Wiegand showed that for the complete intersection ring R
and non-zero finitely generated R-modules M and N if TorRi (M,N) = 0 for all
i ≥ 1, then M and N satisfies the depth formula.
Later, Araya and Yoshino [3] showed that for finitely generated R-modules
M and N such that M has finite complete intersection dimension [6] and s =
fdR(M,N) <∞, if s = 0 or depthR Tor
R
s (M,N) ≤ 1, then (∗) holds for M and N .
Then, Choi and Iyengar [8] showed that for finitely generated R-modulesM and
N such that s = fdR(M,N) < ∞, if M has finite complete intersection dimen-
sion [6], then depthRM + depthRN − depthR ≥ s with equality if and only if
depthR Tor
R
s (M,N) = 0.
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Finally Bergh and Jorgensen [7], prove that the depth formula holds for modules
M and N such that fdR(M,N) = 0 in certain cases over a Cohen-Macaulay local
ring, provided one of the modules has reducible complexity.
In Section 2 of this paper we recall the definition of complete intersection flat
dimension for complexes. We show that both Gorenstein flat dimension and large
restricted flat dimension are refinements of the complete intersection flat dimension.
Section 3 which is the main part of this paper is devoted to the depth formula for
complexes. More precisely let (R,m, k) be a local ring and let X,Y ∈ Db(R) such
that the complete intersection flat dimension of X is finite and sup(X ⊗LR Y ) <∞.
Then
depthR(X ⊗
L
R Y ) = depthRX + depthR Y − depthR,
which is Theorem 3.3. One of the main tool in our study is Proposition 3.1, which
is proved by using the universal resolutions. From a general point of view, the
construction of the universal resolutions is based on the bar construction, a nice
structure that comes from algebraic topology. In [18] Iyengar studied the bar con-
struction and consequently, the universal resolutions in commutative algebra for
arbitrary modules. We refer the interested reader to [4, Section 3] for details. In
Theorem 3.5 we show that for X,Y ∈ Db(R) such that the complete intersection
flat dimension of X is finite and sup(X ⊗LR Y ) <∞, we have
sup(X ⊗LR Y ) = sup{depthRp − depthRp Xp − depthRp Yp|p ∈ SuppX ∩ SuppY }.
We end the paper with some results about infRHomR(X,Y ).
To facilitate the reading of the introduction and of the paper, we first review
some basic facts on complexes from [14], [15] and [5].
Let X be a complex of R-modules and R-homomorphisms. For an integer n,
the n-th shift or suspension of X is the complex ΣnX with (ΣnX)ℓ = Xℓ−n and
∂Σ
nX
ℓ = (−1)
n∂Xℓ−n for each ℓ. The supremum and the infimum of a complex
X , denoted by sup(X) and inf(X) are defined by the supremum and infimum of
{i ∈ Z|Hi(X) 6= 0} and set amp(X) = sup(X)− inf(X).
The symbol D(R) denotes the derived category of R-complexes. The full subcat-
egories D−(R) D+(R), Db(R) and D0(R) of D(R) consist of R-complexes X while
Hℓ(X) = 0, for respectively ℓ≫ 0, ℓ≪ 0, |ℓ| ≫ 0 and ℓ 6= 0. By D
f (R) we denote
the full subcategory consisting of complexes X with all homology modules Hℓ(X)
are finitely generated over R, called homologically degreewise finite complexes. A
complex is homologically finite if it is homologically both bounded and degreewise
finite. The right derived functor of the homomorphism functor of R-complexes
and the left derived functor of the tensor product of R-complexes are denoted by
RHomR(−,−) and −⊗
L
R−, respectively. A homology isomorphism is a morphism
α : X → Y such that H(α) is an isomorphism; homology isomorphisms are marked
by the sign ≃, while ∼= is used for isomorphisms. The equivalence relation generated
by the homology isomorphisms is also denoted by ≃. Let X be an R-complex. The
support of X , denoted by Supp(X), is defined as
Supp(X) = {p ∈ Spec(R)|H(Xp) 6= 0}.
If X ∈ D−(R), the depth of X is defined by
depthRX = − supRHomR(k,X).
See [16], for several equivalent conditions of the depth of a complex.
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2. Basic notions and results
In this section we recall the definition of the complete intersection flat dimension,
and give some result that we will used in the next section. The ideal J of R is called
a complete intersection ideal, if J is generated by an R-regular elements. We say
that R has a deformation if there exists a local ring Q and a complete intersection
ideal J in Q such that R = Q/J . A quasi-deformation of R is a diagram of
local homomorphisms R → R′ ← Q, with R → R′ a flat extension and R′ ← Q a
deformation. If the kernel of Q→ R′ is generated by a Q-regular sequence of length
c, we will sometimes say that the quasi-deformation R→ R′ ← Q has codimension
c.
The following definition is from [22] and [23].
Definition 2.1. For each homologically bounded R-complex X, the complete in-
tersection flat dimension of X is defined by
CIfdRX := inf{fdQ(R
′ ⊗LR X)− fdQR
′| R→ R′ ← Q is a quasi-deformation}.
Now we recall the large restricted flat dimension of complexes and prove that it
refines the complete intersection flat dimension. The large restricted flat dimension
of X over R, as introduced in [11], is the quantity
RfdRX := sup{sup(F ⊗
L
R X)|F and R-module with fdR F <∞}.
This number is finite, as long as H(X) is nonzero; see [11, Proposition 2.2]. It is
also given [11, Theorem 2.4(b)] by the following alternate formula also known as
Chouinard’s [10] formula:
RfdRX := sup{depthRp − depthRp Xp|p ∈ Spec(R)}.
We show that the large restricted flat dimension is a refinement of the complete
intersection flat dimension.
Proposition 2.2. Let X be a homologically bounded R-complex. Then we have
RfdRX ≤ CIfdRX, with equality if, CIfdRX is finite. In this case we have
CIfdRX = sup{depthRp − depthRp Xp|p ∈ Spec(R)}.
Proof. One checks easily that for a quasi-deformation R → S ← Q, we have
RfdQ(X ⊗
L
R S) − RfdQ S = RfdRX . Now the inequality follows easily from the
definition of the complete intersection flat dimension. The last equality follows
from [11, Theorem 2.4(b)]. 
The proof of the following proposition is easy, so we omit it.
Proposition 2.3. Let X be a homologically bounded R-complex. For each prime
ideal p ∈ Spec(R) there is an inequality
CIfdRp Xp ≤ CIfdRX.
The Gorenstein flat dimension of each homologically bounded complex of R-
modules X is defined by
GfdRX := inf{sup{n|Gn 6= 0}|G is a Gorenstein flat resolution of X}.
The reader may consult [10] or the book of Enochs and Jenda [13] for details.
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Let X be a homologically bounded R-complex. Then by using some known result
and [22, Theorem 2.4] there is the following sequence of inequalities
RfdRX ≤ GfdRX ≤ CIfdRX ≤ fdRX,
with equality to the left of any finite number.
3. Depth formula
In this section we prove a depth formula for complexes of finite complete inter-
section flat dimension.
Let Q be a deformation of codimension one of R. Suppose that M is an R-
module. Let A be the Koszul complex resolving R over Q with augmentation
κ : A −→ R and the structure map ηA : Q −→ A. It follows from [4, (2.2.7)] that
M has a Q-projective resolution U , such that it is a DG module over A. Now from
[4, (3.1.1)] it is easy to see that M has an R-projective resolution F (U), such that
the following exact sequence of R-complexes is degreewise split
0 // R⊗Q U // F (U) // Σ2F (U) // 0,
in which
Fn(U) =
n⊕
p=0
A¯
(p)
1 ⊗R U¯n−2p,
where A¯
(p)
1 = A¯1 ⊗R . . .⊗R A¯1 (p times) and
∂F (U)n (a¯1 ⊗ a¯2 ⊗ . . .⊗ a¯p ⊗ u¯)
=a¯1 ⊗ a¯2 ⊗ . . .⊗ a¯p ⊗ ∂
U¯ (u¯)− a¯1 ⊗ a¯2 ⊗ . . .⊗ a¯p−1 ⊗ a¯pu¯.
In [26, (5.10)] Yoshino generalized the above exact sequence, for bounded complexes
with finite homology modules. His method is based on constructing the Eisenbud
resolutions for complexes. This exact sequence plays an important role in this
paper. In the next result we extend it to bounded complexes, which is the key
result for the proof of the depth formula. For our main purpose, we only need to
show that if X ∈ Db(R), then there is a Q-projective resolution W of X and an R-
projective resolution F (W ) of X , such that the following sequence of R-complexes
is degreewise split
0 // R⊗QW // F (W ) // Σ2F (W ) // 0.
This is the content of the following proposition.
Proposition 3.1. Let Q be a deformation of codimension one of R and let X ∈
Db(R). Then there exists a Q-projective resolution W of X and an R-projective res-
olution F (W ) of X, such that, the following sequence of R-complexes is degreewise
split
0 // R⊗QW // F (W ) // Σ2F (W ) // 0.
Proof. Let P ≃ X be an R-projective resolution of X , and set t = inf X = inf P .
We will induct on amp(P ). If amp(P ) = 0 then P ≃ ΣtHt(P ). So that X is a
shift of an R-module. Now the assertion follows from the exact sequence before the
proposition.
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Next suppose that amp(P ) > 0. Consider the following truncations of P
P≤t = 0 // 0 // Pt // Pt−1 // · · · ,
P>t = · · · // Pt+2 // Pt+1 // 0 // 0.
Thus we have the following exact sequence, which is degreewise split ofR-complexes,
and so it is degreewise split as Q-complexes.
0 // P≤t // P // P>t // 0.
It is clear that amp(P≤t) and amp(P>t) are less than amp(P ). Let V and U be
Q-projective resolutions of ΣP≤t and P>t, respectively. Note that the differential
∂Pt+1 : Pt+1 → Pt induces an R-linear (and so Q-linear) morphism γ : P>t → ΣP≤t.
Hence there is a Q-linear morphism β : U → V of Q-projective resolutions. By
[14, (1.24)] or [24, Section 1.5] there is an exact sequence of Q-complexes as the
following
0 // V // C(β) // ΣU // 0,
in which C(β) is the mapping cone of β. Since the mapping cone of γ is ΣP , it
follows that C(β) is a Q-projective resolution of ΣP . By the induction hypothesis
there are R-projective resolutions F (V ) and F (U) for ΣP≤t and P>t, respectively,
such that, the following sequences of R-complexes are degreewise split
0 // R⊗Q V // F (V ) // Σ2F (V ) // 0,
0 // R⊗Q U // F (U) // Σ2F (U) // 0.
Now define the morphism F (β) : F (U)→ F (V ) by
F (β)n(a¯1 ⊗ a¯2 ⊗ . . .⊗ a¯p ⊗ u¯n−2p) = a¯1 ⊗ a¯2 ⊗ . . .⊗ a¯p ⊗ β¯n−2p(u¯n−2p).
It is easy to see that F (β) is a morphism of R-complexes. Using the exact sequence
0 // F (V ) // C(F (β)) // ΣF (U) // 0,
we get that C(F (β)) is an R-projective resolution of ΣP . Now by considering the
induction hypothesis we can see that the following diagram is commutative with
exact rows
0 // R⊗Q U //
R⊗Qβ

F (U) //
F (β)

Σ2F (U) //
Σ2F (β)

0
0 // R⊗Q V // F (V ) // Σ2F (V ) // 0.
The above exact sequences induces the following exact sequence
0 // C(R⊗Q β) // C(F (β)) // Σ2C(F (β)) // 0.
It is also straightforward to see that F (C(β)) = C(F (β)). Therefore, the following
sequence is exact
0 // R⊗Q C(β) // F (C(β)) // Σ2F (C(β)) // 0.
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Now setting W = Σ−1C(β) we get the desired exact sequence. 
Lemma 3.2. Let Q be a deformation of codimension c of R and let X,Y ∈ Db(R),
such that λ = sup(X ⊗LR Y ) <∞. Then
(a) sup(X ⊗LQ Y ) = λ+ c.
(b) depthR(X ⊗
L
R Y ) = depthQ(X ⊗
L
Q Y ) + c.
Proof. (a) We will induct on c. Suppose that c = 1. Using Proposition 3.1 it follows
that there is the following degreewise split sequence of complexes of projective R-
modules
Γ := 0 // R ⊗QW // F (W ) // Σ2F (W ) // 0,
where W and F (W ), respectively are Q and R-projective resolutions of X . As the
above exact sequence is degreewise split, we get that Γ⊗RY is an exact sequence of
R-complexes. Thus taking homology of Γ⊗R Y , we find that sup(X⊗
L
Q Y ) = λ+1.
Now suppose that c > 1. Let R1 = Q/(x1, x2, · · · , xc−1) and R = R1/(xc)R1,
where x1, x2, · · · , xc is a Q-regular sequence. Thus by the induction hypothesis we
have sup(X ⊗LR1 Y ) = λ+ 1 and sup(X ⊗
L
Q Y ) = sup(X ⊗
L
R1
Y ) + c− 1. Hence the
proof of (a) is complete combining the last equalities.
(b): since Q→ R is surjective, it is known that depthQ(X⊗
L
RY ) = depthR(X⊗
L
R
Y ), see [19, Proposition 5.2(1)]. We claim that depthR(X⊗
L
RY ) and depthQ(X⊗
L
Q
Y ) are simultaneously finite numbers. Indeed, consider the following exact sequence
of complexes
0→ X ⊗LQ Y → X ⊗
L
R Y → Σ
2(X ⊗LR Y )→ 0.
Let depthR(X⊗
L
RY ) be finite. Then depthQ(X⊗
L
RY ) is finite. By part (a) we have
sup(X ⊗LQ Y ) <∞ and so depthQ(X ⊗
L
Q Y ) > −∞, see for example [19, Section 2,
Observation (3)]. By [19, Proposition 5.1] we have that depthQ(X ⊗
L
Q Y ) is finite.
Now assume that depthQ(X⊗
L
QY ) is finite. By our assumption sup(X⊗
L
RY ) <∞.
Therefore depthQ(X ⊗
L
R Y ) > −∞. Again by [19, Proposition 5.1] we have that
depthQ(X ⊗
L
R Y ) is finite.
Suppose c = 1. Since Γ is degreewise split, Γ ⊗R Y is an exact sequence of
complexes. Now from [14, (6.49)] we get
supRHomQ(ℓ,X ⊗
L
R Y ) = supRHomQ(ℓ,X ⊗
L
Q Y )− 1,
where ℓ is the residue field of Q. It follows that depthQ(X ⊗
L
R Y ) = depthQ(X ⊗
L
Q
Y ) + 1. Therefore
depthR(X ⊗
L
R Y ) = depthQ(X ⊗
L
Q Y ) + 1.
If c > 1, using the notations of part (a) we find that
depthR(X ⊗
L
R Y ) = depthR1(X ⊗
L
R1
Y ) + 1,
depthR1(X ⊗
L
R1
Y ) = depthQ(X ⊗
L
Q Y ) + c− 1.
Now by joining the last equalities, the proof is complete. 
Now we are in the position of proving depth formula for the complete intersection
flat dimension of complexes.
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Theorem 3.3. Let R be a ring and let X,Y ∈ Db(R) such that CIfdRX <∞ and
sup(X ⊗LR Y ) <∞. Then
depthR(X ⊗
L
R Y ) = depthRX + depthR Y − depthR.
Proof. Since CIfdRX < ∞, so that there is a codimension c quasi-deformation,
R→ R′ ← Q, such that CIfdRX = fdQ(R
′ ⊗LR X)− c. We have the isomorphisms
X ′⊗LR′ Y
′ = (X⊗LR Y )
′, whereW ′ stands for R′⊗LRW , for an R-complexW . Since
R′ is a faithfully flat R-module, then sup(X ′⊗LR′ Y
′) <∞. Thus by Lemma 3.2(b)
we have the following equality
depthR′(X
′ ⊗LR′ Y
′) = depthQ(X
′ ⊗LQ Y
′) + c.
Since fdQX
′ <∞, by [14, (12.8)] (or [19, Theorem 4.1]) we have
depthQ(X
′ ⊗LQ Y
′) = depthQ Y
′ + depthQX
′ − depthQ.
On the other hand, by [19, Corollary 2.6] we find the following equalities
depthR′ =depthR+ depthR′/mR′,
depthR′ X
′ =depthRX + depthR
′/mR′,
depthR′ Y
′ =depthR Y + depthR
′/mR′,
depthR′(X
′ ⊗LR′ Y
′) =depthR(X ⊗
L
R Y ) + depthR
′/mR′.
By combining the above equalities we get
depthR(X ⊗
L
R Y ) = depthRX + depthR Y − depthR,
as desired. 
The following corollary generalizes a result of Auslander [2] and improves a
result of Huneke and Weigand [17, Proposition 2.5] where the ring is assumed
to be complete intersection and the modules M and N finitely generated. Also it
generalizes results of Araya and Yoshino [3, Theorem 2.5] and Iyengar [19, Theorem
4.3].
Corollary 3.4. Let R be a ring and letM,N be two R-modules such that TorRi (M,N) =
0 for all i ≥ 1. If CIfdRM <∞, then
depthR(M ⊗R N) = depthRM + depthRN − depthR.
Proof. By the hypothesis we have sup(M ⊗LR N) = sup{i|Tor
R
i (M,N) 6= 0} = 0.
Thus we have M ⊗LR N ≃M ⊗R N . Now the result is clear from Theorem 3.3. 
The next theorem is the dependency formula [21] for the complete intersection
flat dimension.
Theorem 3.5. Let R be a ring and let X,Y ∈ Db(R) such that sup(X ⊗
L
R Y ) <∞
and CIfdRX <∞. Then
sup(X ⊗LR Y ) = sup{depthRp − depthRp Xp − depthRp Yp|p ∈ SuppX ∩ SuppY }.
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Proof. Let p ∈ SuppX∩Supp Y . Thus by Proposition 2.3 we have CIfdRp Xp <∞.
Since sup(Xp⊗
L
Rp
Yp) <∞, we have the following chain of (in)equalities, where the
equality holds by Theorem 3.3, and the first inequality holds by [16, (2.7)].
depthRp − depthXp − depthRp Yp =− depthRp(Xp ⊗
L
Rp
Yp)
≤ sup(Xp ⊗
L
Rp
Yp)
≤ sup(X ⊗LR Y )
<∞,
and we have the equality if p ∈ Ass(Hs(X ⊗
L
R Y )), where s = sup(X ⊗
L
R Y ). 
The following corollary generalizes [8, Theotem 3].
Corollary 3.6. Let R be a ring and let X,Y ∈ Db(R) such that CIfdRX <∞. If
s = sup(X ⊗LR Y ) <∞, then
depthR− depthRX − depthR Y ≤ s.
with equality if and only if depthRHs(X ⊗
L
R Y ) = 0.
Corollary 3.7. Let X,Y ∈ Db(R) such that CIfdRX < ∞. Then the following
are equivalent:
(a) sup(X ⊗LR Y ) <∞.
(b) sup(X ⊗LR Y ) ≤ CIfdRX.
Proof. If for all integer n, Hn(X ⊗
L
R Y ) = 0, then the assertion holds. So assume
that s = sup(X ⊗LR Y ) <∞. Thus by Theorem 3.5, s = depthRp − depthRp Xp −
depthRp Yp for some p ∈ Supp(X) ∩ Supp(Y ). Choose an integer n > CIfdRX =
RfdRX ≥ depthRp − depthRp Xp ≥ s. Then Hn(X ⊗
L
R Y ) = 0. 
Now we turn our attention to measure infRHomR(X,Y ).
Theorem 3.8. Let (R,m, k) be a complete local ring and let X ∈ Db(R). If Y ∈
Dfb (R) such that − infRHomR(X,Y ) <∞ and CIfdRX <∞, then
− infRHomR(X,Y ) = depthR− depthRX − inf Y.
Proof. Let E := E(k) be the injective hull of k. Using completeness of R and [12,
Page 180], we have
RHomR(RHomR(Y,E), E) = Y ⊗
L
R RHom(E,E) = Y.
Therefore we obtain that
− inf(RHomR(X,Y )) =− inf(RHomR(X,RHomR(RHomR(Y,E), E)))
=− inf(RHomR(X ⊗
L
R RHomR(Y,E), E))
= sup(X ⊗LR RHomR(Y,E)).
Since SuppX ∩ Supp(RHomR(Y,E)) = {m}, using Theorem 3.5(a) we obtain
− inf(RHomR(X,Y )) = sup(X ⊗
L
R RHomR(Y,E))
= depthR− depthRX − depthRRHom(Y,E)
= depthR− depthRX − inf Y,
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where the last equality holds by [25]. 
Corollary 3.9. Let (R,m) be a complete local ring and M be an R-module such
that CIfdRM <∞. If N is a finite R-module, then the following are equivalent:
(a) ExtnR(M,N) = 0 n≫ 0.
(b) ExtnR(M,N) = 0 n > depthR − depthRM .
Proof. It is easily follows from Theorem 3.8 and noting that we have the equality
− infRHomR(M,N) = sup{i|Ext
i
R(M,N) 6= 0}. 
Remark 3.10. (1) Let R be a ring and let X,Y ∈ Db(R) such that sup(X⊗
L
RY ) <
∞, GfdRX <∞ and idR Y <∞. Then
sup(X ⊗LR Y ) = sup{depthRp − depthRp Xp − depthRp Yp|p ∈ SuppX ∩ SuppY }.
To see this let p ∈ Supp(X) ∩ Supp(Y ). Then using the hypothesis, [10, Lemma
5.1.3] and [5, Proposition 5.3.I] respectively we have GfdRp Xp and idRp Yp are finite
numbers. Thus from [12, Theorem 6.3(i)] we have
depthRp − depthXp − depthRp Yp = − depthRp(Xp ⊗
L
Rp
Yp).
The rest of the argument is the same as proof of Theorem 3.5.
(2) Immediately from (1) we have if X is a bounded R-complex such that
GfdRX <∞, then
sup(X ⊗LR E) = depthR− depthRX,
where E := E(k) is the injective hull of k (cf. [20, Theorem (8.7)])
(3) Let (R,m, k) be a complete local ring and let X ∈ Db(R). If Y ∈ D
f
b (R) such
that − infRHomR(X,Y ) <∞, GfdRX <∞ and fdR Y <∞, then
− infRHomR(X,Y ) = depthR− depthRX − inf Y.
Indeed in proof of Theorem 3.8 we have seen that− inf(RHomR(X,Y )) = sup(X⊗
L
R
RHomR(Y,E)). Since fdR Y < ∞, we have idRRHomR(Y,E) < ∞. Now using
(1) the proof is complete.
The following example shows that the completeness assumption of R is crucial
in Theorem 3.8 and Remark 3.10(3).
Example 3.11. Let (R,m) be a local domain which is not complete with respect
to the m-adic topology. In [1, (3.3)] it is shown that HomR(R̂, R) = 0. There-
fore, when X = R̂ and Y = R. It is clear that depthR − depthRX = 0 but
− infRHomR(X,Y ) = sup{i|Ext
i
R(X,Y ) 6= 0} 6= 0.
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